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Abstract

The aim of this paper is to study some classes of finite groups
whose subgroup lattices are pseudocomplemented.

1 Preliminaries

Let L be a lattice having the initial element 0 and a ∈ L. An element a∗ ∈ L
is called a pseudocomplement of a, if the following two conditions are satisfied:

i) a ∧ a∗ = 0;

ii) a ∧ x = 0 (x ∈ L) implies that x ≤ a∗.

Any element of L can have at most one pseudocomplement. We say that L is
a pseudocomplemented lattice, if every element of L has a pseudocomplement.

Let (G, ·, e) be a group. Then the set L(G) consisting of all subgroups
of G is a complete lattice with respect to set inclusion, which has the initial
element {e} and the final element G.

2 Main results

Definition. We say that a group G is a pseudocomplemented group (or a
PK-group), if its lattice of subgroups L(G) is pseudocomplemented.
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Examples.

1) Any cyclic group is a pseudocomplemented group.
Indeed, if G is a finite cyclic group of order n (respectively an infinite
cyclic group), then the lattice L(G) is isomorphic to the lattice Ln

of all divisors of n (respectively to the lattice (IN,≤), where n1 ≤ n2

(n1, n2 ∈ IN) iff n2/n1), which is a pseudocomplemented lattice.

2) The quaternion group Q = {±1,±i,±j,±k} is a pseudocomplemented
group.
Indeed, in the lattice L(Q) = {H0 = {1}, H1 = {±1}, H2 = {±1,±i},
H3 = {±1,±j}, H4 = {±1,±k}, H5 = Q} the trivial subgroup H0

constitutes a pseudocomplement for all Hi, i = 0, 5.

Lemma. Any subgroup of a pseudocomplemented group is a pseudocom-
plemented group.

Proof. Let G be a pseudocomplemented group and G1 be a subgroup of
G. If H1 is a subgroup of G1 and H∗

1 is a pseudocomplement of H1 in L(G),
then H∗

1 ∩G1 is a pseudocomplement of H1 in L(G1).

Remark. A factor group of a pseudocomplemented group, as well as a
direct product of pseudocomplemented groups or an extension of a pseudo-
complemented group by another pseudocomplemented group are not neces-
sarily pseudocomplemented groups (for example the factor group Q/H1, the
direct product ZZ 2× ZZ 2 and the symmetric group Σ3 (which is an extension of
ZZ 2 by ZZ 3) are not pseudocomplemented groups). We mention that a direct
product of a finite family of pseudocomplemented groups having relatively
prime orders is a pseudocomplemented group.

The next result gives us a necessary and sufficient condition for a finite
p-group with p ≥ 3 in order to be a pseudocomplemented group.

Proposition 1. Let p ≥ 3 be a prime natural number and S be a finite
p-group of order pn. Then the following conditions are equivalent:

a) S is a pseudocomplemented group.

b) S is a cyclic group.
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Proof. b) =⇒ a) It results from Example 1.

a) =⇒ b) We prove the statement by induction on n. For n ≤ 2 it
is trivial. Let us assume the statement to hold for any p-group of order
pn−1 and let S be a pseudocomplemented group of order pn. Denote by
S1, S2, ..., Sk the subgroups of S having order pn−1. Then k ≡ 1(mod p).
If k = 1, then, using the inductive hypothesis, it results that S is cyclic.
Hence we can assume that k 6= 1 (therefore k ≥ p + 1 ≥ 4) and let S∗1 be a
pseudocomplement of S1.

Case 1. S∗1 6= {e}.
Let i ∈ {1, 2, ..., k} such that S∗1 ⊆ Si. We cannot have i = 1, so that

i ≥ 2. We consider the element S1 ∩ Si of the fully ordered lattice L(Si). If
S∗1 ⊆ S1∩Si, then it results S∗1 ⊆ S1 and so S∗1 = S∗1∩S1 = {e}; contradiction.
If S1 ∩ Si ⊆ S∗1 , then it obtains S1 ∩ Si = {e} and Si ⊆ S∗1 . Hence Si = S∗1 .
We remark that we also have S∗i = S1. Let j ∈ {1, 2, ..., k} \ {1, i}. Since
Sj 6⊆ Si, it results S1 ∩ Sj 6= {e}. If Si ∩ Sj 6= {e}, then we cannot have
S1 ∩ Sj ⊆ Si ∩ Sj (because in this situation S1 ∩ Sj ⊆ S1 ∩ Si ∩ Sj = {e}) or
Si ∩ Sj ⊆ S1 ∩ Sj (because in this situation Si ∩ Sj ⊆ Si ∩ S1 ∩ Sj = {e}). It
follows that Si ∩ Sj = {e} and so Sj ⊆ S∗i = S1; contradiction.

Case 2. S∗1 = {e}.
In this situation we shall prove that S has exactly one subgroup of order p.

For each i ∈ {1, 2, ..., k}, let Sii be the unique subgroup of order p in Si. Then
|S1 ∩ Sii| ∈ {1, p}, i = 1, k. Since if |S1 ∩ Sii| = 1 it obtains Sii ⊆ S∗1 = {e}
(which is impossible), we have |S1 ∩ Sii| = p, therefore S1 ∩ Sii = S11 and
Sii = S11, for all i = 1, k.

From [6], vol. II, page 59, (4.4), it follows that S is either cyclic or a
generalized quaternion group. Since p is odd, it obtains that S is cyclic.

Note that we can prove the above implication a) =⇒ b) in a different
manner, as follows. By induction on n, assume again that our statement
holds for any p-group of order pn−1 and let S be a pseudocomplemented
group of order pn. If S1 is a maximal subgroup of S, then the structure of S
is determined by the action of S/S1

∼= ZZ p on S1
∼= ZZ pn−1 . We have two such

actions, which give us the next two possible structures of S:
S is abelian or S ∼= < x, y | xpn−1

= yp = e, y−1xy = x1+pn−2
>.

Since the group with the previous presentation is not pseudocomple-
mented (we have [y] ∩ [x] = [y] ∩ [x1+pn−2

] = {e}; therefore [x] ⊆ [y]∗ and
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[x1+pn−2
] ⊆ [y]∗, which imply that [y]∗ = S; contradiction), it remains that

S is abelian. But, for the subgroup lattice of an abelian group, pseudo-
complementation and distributivity are equivalent (see [2]). Hence L(S) is
distributive and so S is cyclic.

Remark. Let S be a 2-group of order 2n. If S is a pseudocomplemented
group, then:

i) for n ∈ {1, 2}, S is cyclic;

ii) for n ≥ 3, the previous statement is not true (the quaternion group
Q constitutes an example of a pseudocomplemented group of order 23

which is not cyclic). Moreover, if we suppose that S is abelian, then it
is cyclic.

Using Proposition 1 and the above remark, it obtains the following corol-
lary.

Corollary. Let G be a finite abelian group. Then G is a pseudocomple-
mented group, if and only if it is cyclic.

Next result shows us that this equivalence is valid for finite groups (not
necessary abelian) of order 2nm with n ≤ 2 and m ≡ 1(mod 2).

Proposition 2. Let G be a finite group of order 2nm, where n ≤ 2 and
m ≡ 1(mod 2). Then the following conditions are equivalent:

a) G is a pseudocomplemented group.

b) G is a cyclic group.

Proof. b) =⇒ a) It results from Example 1.

a) =⇒ b) Our hypothesis imply that all Sylow subgroups of G are cyclic,
therefore G is solvable (see [4], Chapter IV, Theorem 2.9). Then, in order to
prove that G is cyclic, it is sufficient to verify that any Sylow subgroup of G
is normal.

Assume that G contains a Sylow p-subgroup S which is not normal and
let SG be the core of S in G. Since SG ¢ G, we have SG 6= S.
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Case 1. SG 6= {e}.
Let S∗G be a pseudocomplement of SG. Then we have:

(|SG|, |S∗G|) = 1. (1)

Indeed, if p/|S∗G|, then there exists M ∈ L(S∗G) with |M | = p. Let x ∈ G
such that M ⊆ Sx. Thus M is the unique subgroup of order p in Sx. Hence
M ⊆ SG and so M ⊆ SG ∩ S∗G = {e}; contradiction.

Since G is solvable, we can choose a Sylow p-complement Sp satisfying
S∗G ⊆ Sp. On the other hand, we have SG ∩ Sp = {e}, therefore Sp ⊆ S∗G and
so S∗G = Sp. Let x ∈ G. Because (|SG|, |(S∗G)x|) = (|SG|, |S∗G|) = 1, it results
SG∩(S∗G)x = {e}. This implies that (S∗G)x ⊆ S∗G and thus (S∗G)x = S∗G. Hence
S∗G is a normal subgroup of G.

Let S∗∗G be a pseudocomplement of S∗G. Then, from the equality (|S∗∗G |, |S∗G|) =
1 (obtained similarly with (1)), it follows that S∗∗G is a p-subgroup of G. More-
over, since S∗G ∩ SG = {e}, we have SG ⊆ S∗∗G . Now, we consider x ∈ G such
that S 6= Sx. By the equalities S ∩ S∗G = {e} and Sx ∩ S∗G = {e}, it obtains
that S ⊆ S∗∗G and Sx ⊆ S∗∗G . Therefore S = S∗∗G = Sx; contradiction.

Case 2. SG = {e}.
We have {e} = SG =

⋂

x∈G

Sx =
⋂

x∈G

(S ∩ Sx). This equality implies that

there exists x ∈ G such that S ∩ Sx = {e}. Hence:

Sx ⊆ S∗. (2)

From the equality (|Sp|, |S|) = 1 we obtain Sp ∩ S = {e}, therefore:

Sp ⊆ S∗. (3)

Now, the relations (2) and (3) give us S∗ = G and thus S = S∩G = S∩S∗ =
{e}; contradiction.

As a consequence of Proposition 2, the following corollary holds.

Corollary. Let G be a finite group of odd order. Then G is a pseudo-
complemented group, if and only if it is cyclic.

The last result of this paper shows that, for a finite group of order 23

with m ≡ 1(mod 2), the equivalence ”pseudocomplemented group⇐⇒cyclic
group” is not valid and, moreover, how we can modify it in this situation.
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Proposition 3. Let G be a finite solvable group of order 23m, where
m ≡ 1(mod 2). Then the following conditions are equivalent:

a) G is a pseudocomplemented group.

b) G is a cyclic group or G ∼= Q× ZZ m.

Proof. b)=⇒a) Obvious.

a)=⇒b) Since G is a pseudocomplemented group, its Sylow p-subgroups
are cyclic, for p ≥ 3 and its Sylow 2-subgroups are cyclic or isomorphic to
quaternion group Q. In the first case, we get that G itself is cyclic. In
the second case, as in the proof of Proposition 2, we obtain that all Sylow
subgroups of G are normal. Therefore G is nilpotent and so G ∼= Q× ZZ m.
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